cannot be presented as forces and moments at the boundaries like in the Kirchhoff-type theories [302] . From the point of view of the direct approach Eringen's micropolar plate is a deformable surface with eight degrees of freedom. Eringen's approach is widely discussed, for example, in [20, 33, 52, 163, [170] [171] [172] 233, 250, [279] [280] [281] 303, 316, 317] and in the monograph [95] .
The theories of plates and shells and the theories based on the reduction of the three-dimensional equations of the micropolar continuum are presented in several publications. In [16, 17, 118, 151, 259, 263] various averaging procedures in the thickness direction together with the approximation of the displacements and rotations or the force and moment stresses in the thickness direction are applied. As a result, one gets different numbers of unknowns and the number of two-dimensional equilibrium equations differs. For example, Reissner [263] presented a generalized linear theory of shells containing nine equilibrium equations. In addition, Reissner worked out the two-dimensional theory of a sandwich plate with a core having the properties of the Cosserat continuum [260] . The variants of the micropolar plate theory based on the asymptotic methods are developed in [6, 73, 215, 275, 276] . The nonlinear theory of elastic shells derived from the pseudo-Cosserat continuum is considered in [22] . The linear theory of micropolar plates is discussed in [11] where the discussion on the reduction procedure is given. The -convergence based approach to the Cosserat-type of theory of plates and shells is discussed in [216, 217, 222] .
In both the Cosserat's and the Eringen's micropolar plate theories one has additional kinematic variables-the rotations. It should be noted that in the theories of plates and shells the rotations are introduced as independent kinematic variables before the Cosserat theory was established. The term "angle of rotation" is introduced in Kirchhoff's theory too-but the rotations are expressed by the displacement field. After the pioneering work of Kirchhoff [160] thousands of publications are presented, which try to give the foundations and the methods of deduction of the equations of the Kirchhoff-Love theory, but also of improvements, see, for example, [45, 46, [110] [111] [112] [113] [114] 158, 159, 227, 249] among others. Considering sandwich structures with a soft core Reissner worked out a theory by taking into account the transverse shear which was ignored by Kirchhoff [256] [257] [258] 264] . Similar governing equations (only some effects are not included) were derived by Mindlin introducing additional degrees of freedom for the points of the midplane [202] . The order of the system of the partial differential static equilibrium equations in the case of Reissner-type theories is equal to ten. That means, that the number of boundary equations is equal to five. In the theories of Reissner and Mindlin only two angles of rotations are independent of the displacements, and the transverse shear can be taken into account. The third angle of rotation (rotation about the normal to the surface, so-called drill rotation) is not considered as an independent variable. In Reissner's theory the static boundary conditions are equivalent to the introduction of distributed forces and moments on the contour, the last one has no components in the normal direction. The Reissner's plate as well as the Kirchhoff's plate are not able to react on the distributed moments on the surfaces or boundaries which are directed along the surface normal (so-called drilling moments). That means that Reissner's plate is modeled by a material surface each point having five degrees of freedom (three translation and two rotations) while Kirchhoff's plate is a material surface each point of which has only three degrees of freedom (three translations). The original Kirchhoff's plate theory has only one degree of freedom (the deflection). Now we have thousands of papers and monographs on the Reissner's and Mindlin's approach, see the reviews [134, 213] among others.
In the last decades the so-called higher order theories are very popular. Starting with the pioneering contributions of [180, 255] , new theories are established systematically. If one discusses higher order theories in the point of view of the direct approach one assumes deformable surfaces with additional degrees of freedom. For example, the third order theory presented in [315] can be regarded as a theory with seven degrees of freedom including rotations of the plate cross-sections. Let us mention also the papers [21, 109, 144, 167, 241, 290] where the rotations in shells are considered, while an extensive discussion of the application of the rotations in Continuum Mechanics is given in [244] .
The direct approach in the theory of shells based on Cosserats' ideas is applied also in [326] . In contrast to [89] , the shells are regarded as deformable surfaces with material points at which three directors are prescribed. The directors have the following properties: they are orthogonal unit vectors. The deformations of the shell are presented by a position vector and a properly orthogonal tensor. This variant of the shell and plate theories based on the direct approach is developed and continued, for example, in [75, 80, 81, 236, 237, 285, 286, [327] [328] [329] [330] . It must be noted that this variant is very similar to the one presented within the general nonlinear theory of shells discussed in the monographs of Libai and Simmonds [183] , and Chróścielewski et al. [44] , see also [41] [42] [43] [76] [77] [78] 162, 182, 189, [191] [192] [193] 243, 247, 248, 288, 289] . The two-dimensional equilibrium equations given in [44, 183, 243] one gets by the exact integration over the thickness of the equations of motion of a shell-like body. The deformation measures, which are the same as those introduced within the framework of the direct approach, can be defined as work-conjugate fields to the stress and couple stress tensors.
In [12] the general theory with six degrees of freedom is transformed to a theory of shells with five degrees of freedom (similar to Reissner's theory) introducing some constraints for the deformations. This variant of the theory is discussed in [8, 9, 13, 327] . In [133] the method presented in [12] is applied to the three-dimensional case. It must be noted that the main problem in application of the direct approach is both the establishment and the identification of the constitutive equations. They should be formulated for the two-dimensional measures of stresses and measures of deformations. This means that some effective stiffness properties should be introduced. For anisotropic elastic plates the identification procedure for the effective stiffness properties is discussed in [9, 12, 327] and for the viscoelastic case in [8, 10] . The last one approach has some similarities with [267, 268] .
It is worth mentioning here the bibliographical papers on the shell theory [230, 231, 242] and the bibliography collected by Jemielita in [320] since 1767.
The aim of this paper is the discussion of the Cosserat-type theories of plates and shells. The paper is organized as follows. In Sect. 2 we present the basic equations of the theory of the directed surfaces [269] . We restricted ourselves by the variant of the theory with one deformed director. In Sect. 3 we consider a 6-parameter nonlinear theory of shells using the direct approach [44, 81, 183] . Finally, we present the equations of the linear theory of micropolar plates based on the Eringen's approach [93, 95] .
Cosserat surface

Kinematics
Following [269] let us introduce the basic relations of the nonlinear theory of Cosserat shells or surfaces. We consider the Cosserat surface as a deformable surface with an attached director. The kinematics of the Cosserat surface may be described as follows. Let be the shell surface in the reference configuration (undeformed state) represented by the Gaussian coordinates q α (α = 1, 2), and R(q 1 , q 2 ) is the position-vector describing the material points on the surface . The surface σ of the shell after deformation is represented by the coordinates q α too, the position of the material point on σ is given by r (q 1 , q 2 ) (Fig. 1 ). Here N and n are the vectors of the unit normals to the shell base surfaces and σ , while ν ν and ν are the unit normal vectors to the shell boundary contours ω = ∂σ and = ∂ , respectively (ν ν · n n n = 0, ν ν · N N = 0). r r β and r α are the co-and contravariant vector bases on σ and R β , R α are the co-and contravariant vector bases on
where δ α β is the Kronecker symbol. The Cosserat surface is a material surface, on which is given a director-vector field. By this field the changes of the orientation and length of the material fibres are presented. In this sense the material fibres behave like three-dimensional bodies. In the actual configuration we denote this field by d d, in the reference configuration by D D (Fig. 1 
In the general case the director d is not a unit vector and normal to the surface σ . Any material point of the Cosserat surface has six degrees of freedom. 
For the transformation of W we apply the principle of material frame-indifference [307, 308] . The energy density should be invariant under the superposed rigid-body motion. With other words, W does not change considering the transformations
where a is an arbitrary constant vector, and O is an arbitrary constant orthogonal tensor. From this follows that W does not depend on r r and the following equation should be satisfied
for the arbitrary orthogonal tensor O. Let us perform the polar decomposition of the tensor F [81] . Taking into account that F is a singular tensor, then one gets the polar decomposition of a nonsingular tensor F + N N N ⊗ n n as it follows
with U as a positive definite symmetric tensor on the surface (two-dimensional tensor), which can be computed by U = F · F T . A is an orthogonal turn-tensor of the surface with N N · A = n n. Finally, one gets [81] 
Assuming in Eq. (3) O = A T , we obtain the constitutive equation satisfying the principle of the material frame-indifference
Principle of virtual work and the equilibrium conditions
The equilibrium equation for the material surface one obtains with the help of the variational calculus. The starting point is
where δ A is the elementary work of the outer loadings, δ denotes variation. For the sake of simplicity for the variation of the strain energy W we take into account Eq. (2). Then
with
as the tensors of forces and moments of first Piola-Kirchoff-type (two-point stress measures), • is the scalar product in the space of second-order tensors. Taking into account Eqs. (6), (7) and the divergence theorem, one gets
Considering the variational equation (5) and Eq. (8) the elementary work of the outer loadings δ A acting on the Cosserat surface can be computed. Now we have
In Eq. (9) f , , ϕ and γ are given functions on the contour parts 2 and 4 , respectively. From the variational equation (5) considering Eq. (9) the formulation of the boundary-value problem follows for the equilibrium of a nonlinear elastic Cosserat-type in the reference configuration (10) and (12) represent the distributed on the shell surface and boundary part 2 forces.
Micropolar shells
Kinematics
Following [12, 75, 81, 326] in this section we consider the equations of the nonlinear elastic micropolar shell theory. An elastic micropolar shell is a two-dimensional analog of the Cosserat continuum, i.e., a micropolar shell is a deformable directed surface each particle of which has six degrees of freedom of the rigid body. Let be again a base surface of the micropolar shell in the reference configuration (for example, in the undeformed state), q α (α = 1, 2) be Gaussian coordinates on , and R R(q 1 , q 2 ) be a position vector of . In Fig. 2 Deformation of the micropolar shell the actual (deformed) configuration the surface is denoted by σ , and the position of its particles is given by the vector r r (q 1 , q 2 ) (Fig. 2) .
In 
This is the so-called micro-rotation tensor (or turn-tensor). Thus, the micropolar shell is described by two kinematically independent fields
Constitutive equations
For the micropolar shell made of an elastic material the strain energy density W exists. By using the principle of local action [307, 308] the constitutive equation for the function W is given by
From the principle of material frame-indifference [307, 308] we can find that W depends only on two Cosserat-type strain measures E and K
where
T × is the vectorial invariant of the second rank tensor T defined by T × = (T mn R m ⊗ R R n ) × = T mn R R m × R n for any base R R m . This operation was originally introduced by J. W. Gibbs, see [319] . An extensive discussion of strain measures in the Cosserat continuum is given in [245, 246] , where the application of the invariance properties of the strain energy density is discussed. For the nonlinear elastic micropolar shells the structure of the strain energy density is discussed in [77] , where various types of anisotropy are considered. In particular, in the case of isotropic behavior, the following quadratic functions may be used
is the three-dimensional unit tensor, and α i , β i are the elastic constants, i = 1, 2, 3, 4. The surface strain energy W should be positive definite, from which follow the inequalities [80] 
In [44] the following relations for the elastic moduli appearing in (19) are used
,
where E and ν are the Young's modulus and the Poisson's ratio of the bulk material, respectively, α s and α t are dimensionless coefficients, while h is the shell thickness. α s is similar to the shear correction factor introduced in the plate theory by Reissner [256] (α s = 5/6) and by Mindlin [202] (α s = π 2 /12), see also [134] . α t plays the same role for the moment stresses. The value α t = 0.7 was proposed by Pietraszkiewicz [240, 241] .
Equilibrium equations
As well as in the case of the Cosserat surface, the Lagrangian equilibrium equations of the micropolar shell can be derived from the principle of virtual work
In Eq. (22) ψ ψ is the virtual rotation vector, f f is the surface force density distributed on , l l l is the surface couple density distributed on , ϕ and η η are linear densities of forces and couples distributed along corresponding parts of the shell boundary , respectively. Thus, the Lagrangian shell equations take the form
Here ρ ρ(s), h h h(s) are given vector functions. The Eqs. (24) are the equilibrium equations for the linear momentum and angular momentum of any shell part. The tensors D and G are the surface stress and couple stress tensors of the first Piola-Kirchoff-type, and the corresponding stress measures P 1 and P 2 in Eqs. (25) are the Kirchoff-type tensors, respectively. The boundary of is divided into two parts
The following relations hold true
Relation to the Cosserat surface theory
The structure of the elementary work for micropolar shells (23) and Cosserat surfaces (9) are similar, but the mechanical sense of , γ γ γ and l l, η η η is different. 
It is obvious that the length changes are not related to any rotation, which means that they are not related to any forces and moments. These variations describe strains (microstrains) of the material points defining the shell. The corresponding loading characteristics are hyper-stresses (force dipoles). In this case in Eqs. (10) 2 and (14) the components of the vector functions and γ have different nature. Let us present these functions as a sum of two terms parallel and normal to the director:
The first terms correspond to the force dipoles acting in the d d-direction, the second terms are the moment loadings without the moments about d. Within the framework of the Cosserat-surface shell model one can discuss the material surface composed of deformable particles on which forces and moments and some hyper-stresses act. At same time the micropolar shell can be represented by a surface composed of rigid microparticles of arbitrary ellipsoidal shape. The interaction between these particles are given by forces and moments only. Now the Cosserat-surface shell model can be presented by a surface composed of microparticles of beam shape changing during the deformation its length, but they does not reflect the rotation about there axis. Summarizing one can state that the Cosserat-surface shell model does not follows from the micropolar shell and vice versa. It should be noted that the micropolar model seems to be more complete since it is only necessary to prescribe forces and moments. Let us note that the difference between the Cosserat-surface shell model and the micropolar or 6-parametric shell model is analogous to the difference between the Ericksen's liquid crystals theory [88] and the Eringen's micropolar fluids [96] in the continuum mechanics.
Theories of shells and plates by reduction of the three-dimensional micropolar continuum
We have mentioned in the Introduction that there are some approaches based on the reduction of the threedimensional Cosserat continuum to the two-dimensional equations. These two-dimensional theories inherit some Cosserat-type properties from the three-dimensional continuum. The most popular is the Eringen's linear theory of plates [93, 95] . Here we discuss briefly the governing equations of this theory in the case of equilibrium.
Basic equations of three-dimensional linear Cosserat continuum
The small strains of the micropolar media are usually described by using the vector of translation u u u and the vector of microrotation ϑ, see [95, 232] . From the physical point of view, u u describes the displacement of a particle of a micropolar body while ϑ corresponds to the particle rotation. The local equilibrium equations of micropolar continuum are [95] 
where σ and µ µ are the stress and couple stress tensors, respectively, f and are the mass force and couple vectors, respectively, ρ is the density, ∇ is the three-dimensional nabla operator. Equation (30) 1 is the local form of the balance of momentum while Eq. (30) 2 is the balance of moment of momentum.
The static boundary conditions have the following form
Here t t t 0 and m m m 0 are the surface forces and the surface couples acting on the corresponding part of the surface S f of the micropolar body, S = S u ∪ S f ≡ ∂ V . The kinematic boundary conditions consist of the following relations
where u u 0 and ϑ 0 are given functions at S u . Other types of the boundary conditions may also be formulated. The linear stain measures, i.e., the linear stretch tensor ε and the linear wryness tensor ae, are given by the relations ε ε = ∇u u + ϑ ϑ × I, ae ae ae = ∇ϑ ϑ.
In [95] , ( ∇ϑ ϑ) T is used as the linear wryness tensor. Here we use the definition (33) 2 for the consistency with the definition of ε.
For an isotropic solid the constitutive equations are
where λ, µ, κ, α, β, γ are the elastic moduli which satisfy the inequalities [95, 219] 2µ
Transition to the two-dimensional equilibrium equations
The Eringen's transition to the two-dimensional equations is based on the linear in z approximation of the translation and rotation together with independent integration of the equilibrium equations (30) through the thickness. Let the plate-like body occupies the volume
Here h is the plate thickness. For the sake of simplicity we assume that h = const. For the translations and rotations of the plate-like body Eringen introduced the following approximation
with two vector fields ϕ ϕ(x, y), φ(x, y). Hence, in Eringen's theory of plates one has 8 kinematically independent scalar fields:
To illustrate the transformations of (30) we assume the homogeneous boundary conditions at z = ±h/2,
where n n ± = ±i 3 . Then the integration of (30) 1 over the thickness leads to the equation
Integration of (30) 2 gives us the relation
Equations (37) and (38) constitute the balance equations of the zeroth-order theory of micropolar plates. Additionally, cross-multiplying (30) 1 by zi 3 and integrating over thickness we obtain the equation of the first-order theory
In this theory the stress resultant T, the force-stress resultant M σ , and the moment-stress resultant M µ are present. Hence, in the case of static boundary conditions on need to assign the values of ν ν ν · T, ν ν ν · M µ , ν ν ν · M σ at the plate boundary contour. Using Eqs. (34) and (35) one may obtain the constitutive equations for T, M σ , and M µ , which are presented in [95] in the component form.
Relation to the other theories
Let us mention that Eringen's approach is not unique. For example, Gevorkyan [118] obtained the constitutive equations for the shell using the linear pseudo-Cosserat continuum. The drilling moments in his theory are generated by the couple stress tensor µ µ only. Reissner [263] introduced the stress resultants T, the force-stress resultant M σ , and the moment-stress resultant M µ taking into account the transverse shear forces and the drilling moment. The derivation of the micropolar plate theory proposed in [11] leads to the 6-parametric theory with the force-stress and couple-stress resultant tensors defined as
It is obvious that the couple stress tensor M is the sum of Eringen's tensors M σ and M µ .
It is obvious that Eringen's plate theory is not coincide with the linear variant of Cosserat surface as well as with the linear variant of micropolar shell theories discussed above. The vector ϕ is an analog of the rotation vector used in the Reissner-type theories while φ φ is an analog of the microrotation vector used in the linear theory of micropolar continuum. In contrast to the Cosserat surface theory Eringen's micropolar plates theory take into account the drilling moment but can not take into account the force dipoles. On the other hand, this theory differs from the 6-parametric shell theory because it has only six degrees of freedom. In the first order micropolar plate theory by Eringen the two-dimensional couple stress tensor splits into two independent parts, i.e., the force-stress and moment-stress resultants.
Conclusion
In this paper we briefly present some applications of the Cosserat continuum and the contribution of Professor Horst Lippmann. Further we restrict ourselves by two-dimensional Cosserat-type theories, i.e., the Cosseratbased theories of plates and shells. We present the most popular in the literature theories: the Cosserat-surface shell model, the micropolar or 6-parametric shell model, and the Eringen's micropolar plate theory. In this paper we also attempt to collect the corresponding papers and monographs related to the considered theories.
Personal supplement
The first author (J. A.) met Horst Lippmann for the first time in the early fifties of the last century. As a young graduate of Mathematics of the University of Greifswald he started his scientific career at a research institute of deformations of metallic materials (Institut für bildsame Formung der Metalle) in Zwickau. Myself, as a student of Mathematics of the University of Leipzig, passed through an internship at this institute and was supervised by Horst Lippmann. So, I could participate in the first steps of H. L. in the field of plasticity, one of the important scientific research fields all over his life. Later, we both changed from Mathematics to Mechanics and in spite of the difficult political situation between East and West Germany we continued as full professors at the Universities of Technology of Munich and Magdeburg our scientific and personal discussions in a quite friendly atmosphere. I will ever remember the nice meetings with Horst Lippmann and his wife Martina. Johannes Altenbach
